Remarks on abelian surfaces 
in nonsingular toric Fano 4-folds 



HiROSHi Sato* 



Abstract 

In this paper, we investigate whether the 124 nonsingular toric Fano 4-folds 
admit totally nondegenerate embeddings from abelian surfaces or not. As a result, 
we determine the possibilities for such embeddings except for the remaining 21 
nonsingular toric Fano 4-folds. 



1 Introduction 

There exist no embeddings from abelian surfaces into nonsingular projective toric 
3-folds over C (see, e.g., Kajiwara and 0). So the next problem is to study which 
nonsingular projective toric 4-folds admit embeddings from abelian surfaces. This problem 
was considered by many people (see Horrocks-Mumford |^, Hulek [Q, Kajiwara 0, 
Lange and Sankaran In this paper, we consider the following problem. 



Problem 1.1 Which nonsingular toric Fano 4-fold admits a totally nondegenerate em- 
bedding from an abelian surface (see Definition p.l| )? 



There exist exactly 124 nonsingular toric Fano 4-folds up to isomorphism (see Batyrev 
0] and Sato [|12[)- We give a partial answer to Problem p..l| (see Theorem |6.4| ). 

The content of this paper is as follows: In Section ^, we recall the definition of a totally 
nondegenerate embedding. In Section |^, we describe criteria for the non-existence of to- 
tally nondegenerate finite morphisms, and using these criteria, we show the non-existence 
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for some nonsingular projective toric 4-folds. In Section ^, we consider the relationship 
between 2-blow-ups of toric 4-folds and totally nondegenerate finite morphisms. As a re- 
sult, we can derive the main result in Section ^ In Section |, we show the non-existence 
of totally nondegenerate finite morphisms for some nonsingular toric Fano 4-folds. In 
Section ^, we obtain the main result. 

The author wishes to thank Professors Tadao Oda, Masa-Nori Ishida and Takeshi 
Kajiwara for advice and encouragement. 

2 totally nondegenerate embedding 

The following notation is used throughout this paper. For fundamental properties of 
the toric geometry, see Oda 

Let := and M := IIomz(A^, Z) the dual group. For a finite complete nonsingular 
fan E in A and < « < 4, we put S(«) := {cr G S | dim cr = i}. Each r G S(l) determines 
a unique element e(T) G which generates the semigroup r fl A. We call 

G(S) :={e(r)G A|rGS(l)} 

the set of primitive generators of S. Let X be the complete nonsingular toric 4-fold 
corresponding to S. Let G(S) = {xi, . . . , x„} and let {Di, . . . , D„} be the corresponding 
T^r-invariant prime divisors on X. Especially, the Picard number of A is n — 4. 

In this paper, we consider the finite morphisms from abelian surfaces to nonsingular 
complete toric 4-folds satisfying the following condition. 

Definition 2.1 Let X be a 4-dimensional complete nonsingular toric variety and A an 
abelian surface. A finite morphism if : A ^ X is called a totally nondegenerate finite 
morphism if Di fl f{A) is non-empty on f{A) for any TAr-invariant prime divisor Di 
{1 < i < n). If is an embedding, we call Lp a totally nondegenerate embedding. 

Notation 2.2 We use the following notation throughout this paper. 

(i) Let Lp : A X he a. totally nondegenerate finite morphism. For a T/v-invariant 
prime divisor Di on X, we put Cj := (p*Di. Ci is a divisor on A. 
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(ii) The types of nonsingular toric Fano 4-folds are in the sense of Batyrev and Sato 
[0. We use characters B,C,V . . . instead of B,C, D . . .. See Table 1 in Section ^ 

For a basis {xi,X2,X3,X4} of A^, by computing the divisors of the rational func- 
tions e{xl), e(x2), e{x*^), e{xl) G C{X), where {xl,X2,xl,xl} C M is the dual basis 
of {xi, X2, X3, X4}, we get four linear relations 

div {e{xl)) = 0, div (e(x;)) = 0, div {e{xl)) = and div (e(x*)) = 

among TTv-invariant prime divisors in Pic{X). We often use this argument in the following 
sections. 



3 Criteria for non-existence 

In this section, we present criteria for the non-existence of totally nondegenerate finite 
morphism from abelian surface A to a projective nonsingular toric 4-fold. We reduce 
Kajiwara's method in § and |P] to a more convenient form. For fundamental properties 



of primitive collections and primitive relations, see Batyrev [g| and Sato [12 



Lemma 3.1 Let A be an abelian surface and D an effective divisor on A. Then we have 
> 0. 

Proof. We may assume that D is an irreducible curve on A. For some point x & A, 
we have D{D + x) > 0, where D + x is the translation of D by x. Since D and D + x are 
algebraically equivalent, we have = D{D + x) > 0. q.e.d. 

Lemma 3.2 Let X be a complete nonsingular toric A-fold and : A ^ X a totally 
nondegenerate finite morphism. If {(f*Di){(f*Dj) = and {(f*Dj){(f*Dk) = where 1 < 
i,j,k < n, then we have {(f*Di){(fi*Dk) = 0. 

Proof. Suppose that (^*A)(¥'*^fe) > 0. Since {ip*Di + ifW^f = ((/j*A)^ + 
+ 2{(p*Di){<p*Dk) > 2{ip*Di){ip*Dk) > by Lemma ip*Di + ip*Dk is an 
ample divisor on A. On the other hand, {(p*Di + ip*Dk) {ip*Dj) = 0, by assumption. This 
contradicts the fact that (p*Di + (p*Dk is ample. Therefore, {ip*Di){ip*Dk) = 0. q.e.d. 

For a totally nondegenerate finite morphism ip : A ^ X, we define a graph P;^ as 
follows: The vertex set of P^ is {l,...,n}, and {i,j} is an edge of P^ if i 7^ j and 

{ip*D,){if*D,) = QC, = 0. 



Remark 3.3 Lemma |3l^ implies that every connected component of is complete, i.e., 
any pair of distinct vertices is connected by an edge. Especially, if is connected, then 
is a complete graph. 



Lemma 3.4 Let X be a projective nonsingular toric A-fold. If there exists a totally 
nondegenerate finite morphism : A ^ X , then {Lp*Di){ip*Dj) > for some 1 < i < j < 
n. 

Proof. Since X is projective, there exists an ample effective divisor J2k=i o^kDk on 
X. Since I]fc=i 0'kf*Dk is also ample on A, we have {J2k=i 0'kf*Dk)'^ > 0. Therefore, we 
have {lp* Di){Lp* Dj) > for some 1 < i < j < n. If i = j, then there exists 1 < I < n such 



that / 7^ i and {(p*Di){(p*Di) > by Lemma q.e.d. 



Remark 3.5 Lemma |3^ implies that F,^ is not complete. Especially, by Remark |3.3| , F<^ 
is not connected. 



Remark 3.6 For n > 5, the assertion in Remark is also true if we replace the vertex 
set of F^ by 5 C {1, . . . , n} such that {-Djligg C Pic(X) generates Pic{X). 

By using this incompleteness of F,^, we can show the non-existence of totally nonde- 
generate finite morphisms for some projective nonsingular toric 4-folds. For example, the 
following holds. 

Example 3.7 Let X be the nonsingular projective toric 4-fold corresponding to the fan 
S whose primitive relations are 

Xi + X7 = 0, X2 + X3 + X4^ = aXi, X4^ + X^ + Xq = {a + l)xi, 

X':, + xe + xj = X2 + X3 and Xi + X2 + Xs = x^^, + Xq, 

where G(S) = {xi, . . . , x^} and a is a positive integer. DiD-j = on X because {xi, x^} 
is a primitive collection of S, and by a basis {xi, 0:2, X4, X5} of A^, we have 

(1) Di + aD3 + (a + 1)^6 -^7 = 0, (2) D2 - D3 = 0, 

(3) - D3 + D4 - = and (4) - Dq = 



in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism 
if : A ^ X. By intersecting Di with both sides of (1) and restricting the result to A, we 
have + aCiCg + (a + l)CiCe - C1C7 = 0. So C1C3 = CiCq = 0, and = = 
C1C5 = by (2), (3) and (4). Hence is connected, a contradiction to Remark |H75 . 
Therefore, X admits no totally nondegenerate finite morphism. 



Remark 3.8 In Example |3.7| , if a = 1, then X is the nonsingular toric Fano 4- fold of 
type Qi. So there exists no totally nondegenerate finite morphism to the nonsingular toric 
Fano 4- fold of type Qi. 

Proposition 3.9 // a nonsingular projective toric A-fold X has an equivariant projective 
birational divisorial contraction to a possibly singular point, then there exist no totally 
nondegenerate finite morphism to X . 

Proof. Suppose that there exists a totally nondegenerate finite morphsim ip : A 



X. By the Mori theory for projective toric varieties (see Reid |]T3)) we may assume, 
without loss of generality, that we have a primitive relation X1 + X2 + X3 + X4 = ax^, where 
a is a positive integer. Obviously D^Di = for 6 < i < n. By a basis {xi,X2,X3,X5} 

of N, we have aD^ + + beDQ + h 6n-Dn = in Pic(X). So aC^Cr, + C| = on 

A. Therefore C4C5 = 0, and similarly QCs = for 1 < i < 4. This means that is 



connected, a contradiction to Remark q.e.d. 



Remark 3.10 By Proposition |3.9| , there exist no totally nondegenerate finite morphism 
to the nonsingular toric Fano 4-folds of types Bi, B2, B3 and £3. 

We now consider the case where X is decomposed into the product of and a 
projective nonsingular toric 3-fold. Let X = P^ x X' be a projective nonsingular toric 4- 
fold, where X' is a projective nonsingular toric 3-fold. Suppose that xi and X2 correspond 
to the class of fibers of the first projection X P^, where G(S) = {xi, X2, . . . , Xn}- Then 
the following holds. 

Proposition 3.11 Suppose that there exists a totally nondegenerate finite morphism : 
A ^ X . We define a subgraph F' o/F<^ as follows: The vertex set ofV is {3, . . . , n}, and 
{hj} (3 < i < j < ?^) is an edge ofT' if {i,j} is an edge ofV^. Then F' is not complete. 



Proof. Since each fiber of tlie second projection j92 : -'^ is P^, each fiber of p2 

is not contained in the abehan surface A. So p2 o is a finite morphism. Therefore, for an 
ample divisor E = I]"=3 ctji^i on the projective variety X', where E^, . . . , En are the toric 
divisors corresponding to X3, . . . , respectively, (p2 o = J2i=3 0'i{P2 o f)*Di is also 

an ample divisor on A. So there exist 3 < i < j < n such that {{p2 0(p)*Di){{p2 0Lp)*Dj) ^ 
0. Since {i,j} is not a edge of F', the graph T' is not complete. q.e.d. 



Example 3.12 Let X be the nonsingular projective toric 4-fold corresponding to the fan 
S whose primitive relations are 

Xi + xg = 0, X2 + X3 = 0, X4 + = axs and Xq + Xt = ax^, 

where G(S) = {xi, . . . , Xg} and a is a positive integer. DiDq = D2D3 = D4^D^ = DqDj = 
on X, and by a basis {xi,X2, X4, xq} of A^, we have 

(1) Di-Ds = 0, (2) D2- D3- aD5 - aDj = 0, (3) - D5 = and (4) Dq - Dj = 

in Pic(X), respectively. X is isomorphic to x X', where X' is a toric 3-fold, and Di 
and Dg are fibers of the first projection X — P^. Suppose that there exists a totally 
nondegenerate finite morphism : A X. By (2), we have C| -|- aC^C^ + aC^C^ = 
C2C3 = 0, hence C3C5 = C3C7 = 0. Consequently, C3C4 = C^Cq = by (3) and (4). 
Hence the graph F' as in Proposition |3.11| is connected, a contradiction to Proposition 
3.11|. Therefore, X admits no totally nondegenerate finite morphism. 



Remark 3.13 In Example 3.12 , if a = 1, then X is the nonsingular toric Fano 4-fold 
of type £5. So there exists no totally nondegenerate finite morphism to the nonsingular 
toric Fano 4-fold of type £5. 



For the main theorem of this paper, we show some results for the non-existence of 
totally nondegenerate finite morphisms, using Remark |3.5| and Proposition p. 11 . 



Proposition 3.14 Let X be an Fa-bundle over P^, where Fa is the Hirzebruch surface 
of degree a (a > 0), and G(S) = {a;i, . . . X7}. We introduce a coordinate in N so that the 
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coordinates of xi, X2, x^, x^, x^, xq and x^ are 

fl\ /0\ /0\ / \ /0\ 

1-10 
s 1-10 

\o) \o) \ t ) \o) [ a ) \1J 



and 



( \ 



v-iy 



respectively, where s and t are integers. In this situation, the following hold: 

(i) If s = t = 0, then X is isomorphic to x Fa. 

(ii) In the case s or t ^ , if one of the following conditions is satisfied, then X 
admits no totally nondegenerate finite morphism. 

(a) a = 0. 

(b) a > and t>0. 

(c) a > 0, s > 0, t < and as + t>0. 

Proof. Suppose that there exists a totally nondegenerate finite morphism : A — > 
X. (i) is trivial, so let s 7^ or t 7^ 0. By a basis {xi, X2, x^, xq} of A^, we have 

(1) D1-D3 = 0, (2) ^2-^3 = 0, (3) sDs + D^-D^ = and (4) tD^ + aD^ + DQ-Dj = 

in Pic(X), respectively. Moreover, we have -D4-D5 = DqD-j = on X, and Cl = Cl = 
Cj = C2 = on A. 

(a) Let a = 0. In this case, X is isomorphic to P^ x X', where X' is a toric 3-fold. 

If s = and t 7^ 0, then and D5 are in the class of fibers of the first projection 
X ^ Pi. Since + - 1^7 = by (4), we have tCgCg = -C| + CqCt = 0. Therefore 
CsCg = 0, and CiCg = C2C6 = by (1) and (2). This contradicts Proposition p.llj . 

If s 7^ and t = 0, then Dq and Dj are in the class of fibers of the first projection 
X ^ Pi. Since SC3C4 = -C| + C4C5 = by (3), we have C3C4 = 0. On the other hand, 
C1C4 = C2C4 = by (1) and (2). This contradicts Proposition |3.11 . 

(b) Let a > and t > 0. Since 

(5) tC3C6 + aC,C, = -Cl + CeCr = 



by (4), we have C^C^ = 0. 
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If t > 0, then CsCe = by (5). Moreover dCg = CaCg = by (1) and (2). So is 



connected, a contradiction to Remark 3.5. 



Let t = 0. Then s 7^ by assumption. So we have C3C4 = as above, and C1C4 = 
C2C4 = by (1) and (2). So is connected, a contradiction to Remark |^ . 

(c) Let a>0, s>0, t<0 and as + t > 0. Then we have C3C4 = C1C4 = C2C4 = 
as above. On the other hand, by (3) and (4), we have 

(6) - tD^ + {as + t)D^ + sDg - sDj = Q 

in Pic(X). So -tQCe + (as + 1)0^0^ = -sCl + sCeC? = 0, and we have C^Cq = by the 
assumptions t < and as + 1 > 0. Therefore F,^ is connected, a contradiction to Remark 

q.e.d. 



3.5 



Remark 3.15 By Proposition p.l4| , there exists no totally nondegenerate finite morphism 
to the nonsingular toric Fano 4- folds of types Pi, 152, ^^3, ^^5, ^^6, ^^8, ^^9, ^^12 and Viq. 
The corresponding a, s and t follows: 







^^2 


2^3 


V, 


V, 


^^8 




Vi2 




a 


1 


1 


1 





1 


1 








1 


s 





2 


1 


2 





1 


1 


1 


1 


t 


2 





1 





1 





1 





-1 



4 2-blow-up 

The following is useful for deriving the main result in Section 6. 

Proposition 4.1 Let X and X he nonsingular projective toric A-folds and : X X 
a 2-blow-up, where a "2-blow-up" means an equivariant blow-up along a Tj^j -invariant 
subvariety of codimension 2. If X admits no totally nondegenerate finite morphism, then 
X admits no totally nondegenerate finite morphism either. 

Proof. If there exists a totally nondegenerate finite morphism ip : A ^ X, then 
ip o (f : A ^ X is also a totally nondegenerate finite morphism (see Mumford |^, p. 88). 
This is a contradiction. q.e.d. 



Especially, we have the following. 
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Corollary 4.2 Let Xi ^ X2 ^ ■ ■ ■ ^ Xn-i ^ Xn be a sequenee of 2-blow-ups among 
nonsingular projective toric 4-folds. If Xi admits no totally nondegenerate finite morphism 
then Xn admits no totally nondegenerate finite morphism either. 

We end this section by proposing the following conjecture. 

Conjecture 4.3 Let X and X he nonsingular projective toric 4-folds and ip : X ^ X 
a 2-blow-up. If X admits no totally nondegenerate embedding, then X admits no totally 
nondegenerate embedding either. 

5 Some examples 

In this section, to describe the main result in Section ^ we show the non-existence of 
totally nondegenerate embeddings for some other nonsingular toric Fano 4-folds. 

(a) "type X's" Let X be the nonsingular projective toric 4-fold corresponding to the 

fan S defined as follows: Let G(S) = {xi,...,xs} C such that the coordinates of 
xi, . . . ,xs are 

/1\ /0\ /0\ / \ / \ / \ /0\ 

6 10-1 10 

' ' ' 1 ' -1 ' ' ' ' 

Voy \c) [0) [0) \a + l) [-1) [-1) [ij 

respectively, and that the primitive collections of S are {xs, X4, x^}, {x^, X5, X7}, {xj, xs}, 
{xs, Xq}, {xq, Xs} and {xi, X2}. For some values of a, b and c, X becomes the nonsingular 
toric Fano 4-fold of type X. The corresponding a, b and c follows: 





X4 


Xe 


X12 


Xi5 


a 


1 








1 


b 


1 


1 








c 


-1 





-1 


-1 



DjDg = D^Dq = DqDs = D1D2 = on X, and by a basis {xi, X3, X4, Xg} of A^, we have 
(1) - = 0, (2) 6D2 + D3 - ^5 + 1^7 = 0, 
(3) D4 - = and (4) CD2 + (a + 1)^5 - - Z^y + = 
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in Pic{X), respectively. Moreover, we have 



(5) {b + c)D2 + Ds + aD^- De + Ds = 
by (2) and (4). Suppose that there exists a totally nondegenerate finite morphism ip : 

If 6 = and c = -1, then C^Ce = C^Cq + CgCy = by (2). On the other hand, 
by (4), we have C2C5 = C^Cq + (a + 1)C| — C^Cq — C5C7 = 0. Hence is connected, 
a contradiction to Remark p.5| . Therefore, X admits no totally nondegenerate finite 
morphism. Especially, the nonsingular toric Fano 4-folds of types X12 and X15 admit no 
totally nondegenerate finite morphism. 

In the case = 1, if a = 1 and 6 + c = 0, then C3C5 = -C| + C^Cq - C^Cs = by (5), 
and C2C3 = -CI+C3C5 -C3C7 = by (2). On the other hand, if a = and b+c = 1, then 
C2C3 = by (5), and C3C5 = by (2). In any case, F;^ is connected, a contradiction to 
Remark |3.5| . Therefore, X admits no totally nondegenerate finite morphism. Especially, 
the nonsingular toric Fano 4-folds of types X4 and Tg admit no totally nondegenerate finite 
morphism. 

(b) "type 1/2" Let X be the nonsingular projective toric 4-fold corresponding to the 
fan S whose primitive relations are 

+ Xq = Xy, Xi -|- a;2 + = X4 -|- Xs, X4^ + X5 + Xq = Xi + X2, X7 + Xs = X3, Xq + Xs = 0, 

X3 + X4 + x^ = Xs, X4 + ^5 + Xy = 0, Xi + X2 + x^ = and Xi + X2 + x^ = Xq, 

where G(S) = {xi, . . . , Xg}. X is the nonsingular toric Fano 4-fold of type J'2. D^Dq = 
D^Dg = DqDs = on X, and by a basis {xi, X2, X4, X5} of A^, we have 

(1) Di-D3 + De-Ds = 0, (2) D2-Ds + De-Ds = 0, 

(3) D4-Dg-D7 + Ds = and (4) - - D7 + Ds = 

in Pic(X), respectively. So we have Di = D2 and D4 = D^. Suppose that there exists 
a totally nondegenerate finite morphism tp : A X. By (1), we have C1C3 = C| — 
C^Ce + C3C8 = 0. On the other hand, by (3), we have C3C4 = CsCe + C3C7 - CsCg = 0. 



Hence is connected, a contradiction to Remark |3.5| . Therefore, X admits no totally 
nondegenerate finite morphism. 
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(c) "type £'s" Let X be the nonsingular projective toric 4-fold corresponding to the 
fan S defined as follows: Let G(S) = {xi,...,x^} C N such that the coordinates of 
Xi, . . . , are 

1 







1 



V J 






voy 





1 

voy 



/ a \ 

-1 
V y 



/o\ 




viy 



/ c \ 

d 



v-iy 



/ \ 

-1 



V y 



respectively, and that the primitive collections of S are {xi.x^}, {2:2, X3}, {x^^x^} and 
{xgjXy}. For some values of a, 6, c and d, X becomes the nonsingular toric Fano 4-fold 
of type C. The corresponding a, 6, c and d are as follows: 







C2 




a 





1 


1 


h 


1 








c 





1 


-1 


d 


1 





1 



DiDs = -D2-D3 = -D4-D5 = DqDj = on X, and by a basis {xi, X3, X4, xg} of A^, we have 
(1) D1 + D2 + bD^ + dDr - = 0, (2) - D2 + Z^s + aD^ + cDj = 0, 

(3) 0^-0^ = and (4) 0^-0^ = 

in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism 
if : X. By (1) and (2), we have C1C2 + + dCiC^ = -Cf + dCg = and 

aCsCs + CC3C7 = — C| + 6*2(^3 = 0, respectively. Especially, C1C2 = 0. 

If either a > and c> or 6 > and d > 0, then C3C5 = C3C5 = or C1C5 = C1C7 = 



0, respectively. In any case, is connected, a contradiction to Remark p.5| . Therefore, X 
admits no totally nondegenerate finite morphism. Especially, the nonsingular toric Fano 
4-folds of types Ci and C2 admit no totally nondegenerate finite morphism. 

If X is of type Ciq, then CiCj = because b > and d > 1. Moreover, by (2), we 
have C1C5 = —C1C3 + C2C3 + CiC-j = 0. Hence F<^ is connected, a contradiction to 
Remark p.5| . Therefore, the nonsingular toric Fano 4-fold of type £10 admits no totally 
nondegenerate finite morphism. 
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(d) "type £12" This case is special. Let X be the nonsingular projective toric 4-fold 
corresponding to the fan S whose primitive relations are 



xi + xg = 0, X2 + = Xi + x^ = xs and xq + x^ = x^, 

where G(S) = {xi, . . . ,Xs}. X is the nonsingular toric Fano 4-fold of type Ci2- DiDg = 
D2D3 = D^D^ = DqDj = on X, and by a basis {xi,X2, x^, xq} of A^, we have 

(1) D, + D;-D,-Ds = 0, (2) D2-D; = 0, 

(3) Di- D5 + D7 = and (4) Dq - Dt = 
in Pic(X), respectively. So we have D2 = Dl = Dl = D^ = 0, 

(5) Dl = DsDs - D^Ds and (6) Dj = D^Dj 

on X. Suppose that there exists a totally nondegenerate embedding Lp : A ^ X. Then by 
(3), we have D^D-jA = — {D^Ay + D^D^A = 0. Moreover, since DiA is an effective divisor 
on A and DgDg^ - D^DgA = by (5), we have (DiA)^ = + D^A + D^^Af = 

-2D3D5A - 2D3D8A + 2D5D8A = -2D3D5A > 0. Therefore, we have D3D5A = 0. 
On the other hand, {D3D5, D^Dj, D^Ds, D5D7, D^Ds, DjDs} generates A'^{X) by the 
equalities (5) and (6). So we can express the class of A in A'^{X) as 

A = aiDsD^ + a2DsDr + asD^Ds + 041^5^7 + a^D^Ds + a^D^D^ G K^{X). 

Since D^iDlDj = 0^(0^ + ^7)^5^7 = 0, DsD^Ds = D-siD^ + Dj)D^D8 = 1 and 
DlDjDs = (A + Dj)D^DjD8 = 0, we have the following: 



(7) 



DsD.A = a.DsDiDj + a.D^DlD^ + a^D^D.DjD^ = as + = 0, 



= aiDsDW-r + a^D^D^D-jD^ + a.DlDjDs = 03 = 0. 



D^DjA = a^DsDr^D^Ds = as = and 

By these equalities, a3 = as = ae = 0. So A'^ = aiD^D^A + a2D'iD-jA + a/^D^D^A = 0. 
Therefore, by the following, we have C2{X)A = 0. 



Lemma 5.1 (Van de Ven ||13|| , Proposition 3) Let A ^ X be an embedding from 
an abelian surface to a A- dimensional nonsingular projective toric variety. Then we have 
C2{X)A = A? in the group A^(X) of codimension four cycles on X modulo rational equiv- 
alence. 
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Since 



C2{X) 



l<i<j<n 



is connected. This contradicts Remark |3]^. So X admits no totally nondegenerate 
embedding. 

(e) "type TWs" Let X be the nonsingular projective toric 4- fold corresponding to 
the fan E defined as follows: Let G(S) = {xi, . . . , x^} C such that the coordinates of 
Xi, . . . ,X7 are 

/1\ /0\ /0\ /a\ /0\ /ac + b\ / -1\ 



-1 
















\oJ \oJ \ 1 J \oJ V / \ij \ -1 J V / 

respectively, and that the primitive collections of S are {xi,Xs}, {xi, X2, x^}, {2:4, xq, Xg}, 
{xi, X5}, {xq, X7}, {x2, X3, X5} and {x2, x^, x^}. For some values of a, b and c, X becomes 
the nonsingular toric Fano 4-fold of type Ai. The corresponding a, b and follows: 





Ml 


M2 


M3 


M4 


a 





1 


1 


1 


b 





1 








c 








1 






DiDg = -D4-D5 = DqDj = on X, and by a basis {xi, X2, 2:4, xq} of A^, we have 
(1) Di-Ds + aD^ + (ac + b)D^ - Ds = 0, (2) D2 - D3 = 0, 

(3) D3 + Di- D5- cDy = and (4) D3 + - = 

in Pic{X), respectively. Suppose that there exists a totally nondegenerate finite morphism 
if-.A^X. By (4), we have CaCg = -C| + CeCr = 0. By (1), (3) and (4), we have 



(5) Di + {a-l)D3 + aDi + bD7-D8 = and (6) Di+aD5 + D6 + {ac + b-l)D7 - Ds 



0. 



Let a > 0, f) > and c > 0. 

If a = 1 and c = 0, then by (3), we have C3C4 = — C| + C4C5 = 0. On the other 
hand, by (5), we have C1C4 + bCiC-j = —Cf + CiCg = 0, and C1C4 = 0. Hence F,^ is 



connected, a contradiction to Remark |3.5| . Therefore, X admits no totally nondegenerate 
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finite morphism. Especially, the nonsingular toric Fano 4-folds of types M.2 and Ai^ 
admit no totally nondegenerate finite morphism. 

lia = b = c = 0, then C3C4 = as above. On the other hand, by (5), we have 
C1C3 = Cf — CiCg = 0, and C1C3 = 0. Hence is connected, a contradiction to 



Remark |3.5| . Therefore, X admits no totally nondegenerate finite morphism. Especially, 
the nonsingular toric Fano 4- fold of type Aii admits no totally nondegenerate finite 
morphism. 

If a = c = 1, then C1C4 = as above. On the other hand, by (6), we have C1C5 + 
CiCQ+bCiC-i = —Cf+CiCs = 0, and CiCq = 0. Hence F^^ is connected, a contradiction to 



Remark |3.5| . Therefore, X admits no totally nondegenerate finite morphism. Especially, 
the nonsingular toric Fano 4-fold of type Ai^ admits no totally nondegenerate finite 
morphism. 

(f) "type A^s" Let X be the nonsingular projective toric 4-fold corresponding to the 
fan S whose primitive relations are 

Xi+ Xs = X5, X4 + Xs = X7, Xq + Xj = Xi, Xi + X2 + X3 = Xq, X2 + X3 + X5 = Xq + Xs 

X2 + X3 + xj = and x^^ + xq + xs = 0, 

where G(S) = {xi, . . . , xg}. X is the nonsingular toric Fano 4-fold of type J^A^. DiD^ = 
D^D^ = DqDj = on X, and by a basis {xi, X2, 2:4, xg} of A^, we have 

(1) D^-D3 + D^ + Dt = 0, (2) D2-D3 = 0, 

(3) Di- D5- Ds = and (4) - + Dq - D7 - Ds = 

in Pic{X), respectively. Suppose that there exists a totally nondegenerate finite morphism 
if : A ^ X. By (1), (3) and (4), we have CgCg = -C4C5 + C| = and CgCg = 
— CiCg + C| = 0, respectively. On the other hand, by Lemma ^7^ , C1C5 = C1C7 = 0. So 
by (1), we have C1C3 = Cf + CiC^ + C1C7 = 0. Hence F^ is connected, a contradiction 



to Remark 3.5. Therefore, X admits no totally nondegenerate finite morphism. 



Remark 5.2 Kajiwara |^, showed that the pseudo del Pezzo 4-fold admits no 
totally nondegenerate finite morphism similarly as above. 
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6 The main results 



By Examples and |3.12| , Propositions and |3.14| , the results (a), (b), (c), (d), (e 



and (f), and Remark ^l2| , the nonsingular toric Fano 4- folds of types Bi, B2, -B3, Vi, V2, 

^3, T^b) ^^6, T^%) T^%) T^12, ^^16) Gl, 2^65 2^12, Xi5, J72, Ci, £2, -^5, £10, >Cl27 M.2, -^3; 

A^4, A^5 and admit no totally nondegenerate embedding. Moreover, by Corollary |4.2| , 
any nonsingular projective toric 4-fold admits no totally nondegenerate embedding, if it 
is obtained by finite successions of 2-blow-ups from one of them. 

Remark 6.1 Kajiwara @] and Sankaran showed that the nonsingular toric Fano 



4- folds of types B^, Dig, Q2 and admit no totally nondegenerate embedding using 
more complicated methods (see Kajiwara for types P19, Q2 and Sankaran |Tl|] for 



type B^). Since their method differs from ours, we cannot determine whether nonsingular 
projective toric 4-folds obtained by finite successions of 2-blow-ups from one of these types 
admit a totally nondegenerate embedding or not. 

To describe the main result, we need the following proposition. 

Proposition 6.2 If X is a nonsingular toric Fano A-fold such that X = Xi x X2, where 
Xi and X2 are nonsingular toric del Pezzo surfaces, then there exists a totally nondegen- 
erate embedding. 

Proof. A smooth element i?i in | — Kx^\ (resp. ii^2 in | — Kx2\) is an elliptic curve. 
By an easy calculation of intersection numbers, Ei x E2 ^ X is obviously a totally 
nondegenerate embedding. q.e.d. 



Remark 6.3 In Proposition |6.2| , if there exists an abelian surface embedding A ^ X^ 
then A is isomorphic to the direct product of two elliptic curves as stated in the proof of 
Proposition by the results of Kajiwara p[ and H. 



By these results and Table 1 in Sato |12], we get the following: 



Theorem 6.4 Let X he a nonsingular toric Fano A-fold. Then, one of the following 
holds. 



(i) X admits no totally nondegenerate embedding. 
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(ii) X = or X = X . There exists a totally nondegenerate embedding in this 
case {see Horrocks-Mumford and Lange 0). 

(iii) X = Xi X X2, where Xi and X2 are nonsingular toric del Pezzo surfaces. There 
exists a totally nondegenerate embedding in this case {see Proposition |6.2| ). 

(iv) X IS of one of the types Ci, C2, C3, Vy, Vio, Vn, V^, V^, Vis, G3, Gi, G5, ^n, 
C-n, 29, Q16, Us, V^, Zx, Z2 and W. 



Remark 6.5 For the nonsingular toric Fano 4- fold X of type Ci, Sankaran |]rT| showed 
that there exists a totally nondegenerate embedding A X. However, his paper seems 
to contain gaps unfortunately. So we do not yet know whether X admits a totally non- 
degenerate embedding or not. 



7 Table of nonsingular toric Fano 4-folds 

In this section, we give the table of nonsingular toric Fano 4-folds classified in Batyrev 
and Sato with 2-blow-up relations among them. We describe the results about 
totally nondegenerate embeddings obtained in the previous sections. In the third column, 
we show whether the nonsingular toric Fano 4-fold admits a totally nondegenerate embed- 
ding or not. The symbol "3" means that there exists a totally nondegenerate embedding, 
while the symbol "x" means that there does not exist a totally nondegenerate embed- 
ding. We omit a reference in the case where the noningular toric Fano 4-fold is obtained 
by finite successions of 2-blow-ups from one of the nonsingular toric Fano 4-folds of types 
Bi, B2, B3, Vi, V2, P3, 1^5, Vq, Vs, T>g, V12, T>iQ, Qi, X4, Xg, X12, X15, 1/2, Ci, C2, Cio, 
C12, Ml, M2, M3, Ma, M5 and V'^ (see Corollary . 



Table 1: nonsingular toric Fano 4-folds 





2-blow-up of 


embedding 


notation 


(1) 


none 


3 (See Horrocks-Mumford [Q) 


p4 


(2) 


none 


X (See Proposition 3.9) 


Bi 
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(3) 


none 


X (See Proposition |3l9|) 


B2 


(4) 


none 


X (See Proposition |3l9|) 


B3 


(5) 


none 


3 (See Lange [0]) 


B4 


(6) 


p4 


X (See Sankaran [|ll|]) 


B5 


(7) 


none 


unknown 


Ci 


(8) 


none 


unknown 


C2 


(9) 


none 


unknown 


C3 


(10) 


none 


3 (See Proposition ^ 




C4 


(11) 


Bi, B2 


X 


Si 


(12) 


B2, Bs 


X 


£2 


(13) 


Bs, B, 


X 


£3 


(14) 


none 


X (See Proposition 3.14|) 


Vi 


(15) 


Ci 


X (See Proposition 3.14|) 


V2 


(16) 


none 


X (See Proposition 3.14 


) 


V3 


(17) 


B2 


X 


V, 


(18) 


none 


X (See Proposition 3.14 


) 


V, 


(19) 




X (See Proposition 3.14 


) 


V, 


(20) 


none 


unknown 


Vj 


(21) 




X (See Proposition 3.14 


) 


Vs 


(22) 


none 


X (See Proposition 3.14 


) 


V, 


(23) 


B, 


unknown 


Vio 


(24) 


B,, C2 


unknown 


Vii 


(25) 


none 


X (See Proposition |3. 14 


) 


V12 


(26) 


none 


3 (See Proposition 




Vi3 


(27) 


B, 


unknown 


Pi4 


(28) 


C4 


3 (See Proposition ^ 






(29) 


C3 


X (See Proposition 3.14 


) 




(30) 


B, 


unknown 


Vn 


(31) 


Ci 


unknown 


Vi8 


(32) 


C2 


X (See Kajiwara 0) 


Vig 


(33) 


none 


X (See Example |3.7|) 


Gi 
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(34) 


C2 


X (See Kajiwara 


i) 


G2 


(35) 


none 


unknown 




(36) 




unknown 




(37) 




unknown 




(38) 




X (See Kajiwara 


§) 


Q, 


(39) 




X 


Hi 


(40) 




X 


n2 


(41) 




X 




(42) 




X 




(43) 




X 


Us 


(44) 




X 




(45) 


V2,V5, Vis 


X 




(46) 




3 (See Proposition ^]2 




Hs 


(47) 


Vs, Vi2, Vig 


X 


Kg 


(48) 


Vg, Vie 


X 




(49) 


none 


X (See (c) in Section H) 


Ci 


(50) 


Vj 


X (See (c) in Section H) 


C2 


(51) 


Ve 


X 




(52) 


Vs, Vio, Vn 


X 




(53) 


none 


X (See Example |3.12) 






(54) 


Vi2, Vi4 


X 




(55) 


Vn 


3 (See Proposition ^]2 




C7 


(56) 


none 


3 (See Proposition ^]2 




Cs 


(57) 


1^13 


3 (See Proposition ^ 




Cg 


(58) 


Vio, Vn 


X (See (c) in Section [ 


1 




(59) 


Vu 


unknown 


Cn 


(60) 


Vn, Vn, ViQ 


X (See (d) in Section 


1) 


C12 


(61) 


Vj 


unknown 


Cl3 


(62) 


V, 


X 


Xi 


(63) 


Vn Ve 


X 


T2 


(64) 


Vs, Vs 


X 


1z 
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(65) 




X (See (a) in Section 


1 


X4 


(66) 


E^i 'D4, ViQ 


X 


X5 


(67) 




X (See (a) in Section H) 


Xe 


(68) 




X 


X7 


(69) 




X 


l8 


(70) 




unknown 


I9 


(71) 




X 




(72) 




X 


In 


(73) 




X (See (a) in Section 


1 


X12 


(74) 




X 




(75) 




X 


Xi4 


(76) 




X (See (a) in Section H) 




(77) 


none 


X (See (e) in Section |^) 


Ml 


(78) 


none 


X (See (e) in Section |i 




M2 


(79) 


^3, ^5 


X (See (e) in Section |, 




M3 


(80) 




X (See (e) in Section |^) 


Mi 


(81) 




X (See (/) in Section H) 


M, 


(82) 


Gi, G3 


X 


Ji 


(83) 


G3 


X (See (fe) in Section ^ 


J2 


(84) 


C2 


X 


Qi 


(85) 




X 


Q2 


(86) 




X 


Q3 


(87) 




X 


Qa 


(88) 




X 


Q5 


(89) 




X 


Qe 


(90) 




X 


Qi 


(91) 




X 


Qs 


(92) 


^3, ^7, 1w 


X 


Q9 


(93) 


'Hs, C-ji C.9 


3 (See Proposition |6.2D 


Qio 


(94) 


^8, ^9 


3 (See Proposition ^ 




Qu 


(95) 


^10 1 ^12, 2^6 


X 


Q12 
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(96) 


-^5, £i3 


X 


Ql3 


(97) 


7^9, £4, £12, 2ri4 


X 


Ql4 


(98) 


£6; £9) £ll; 2^13 


X 


Ql5 


(99) 


£ll; £l3i 2^9 


unknown 


Q16 


(100) 


1^1^ ^12', I12 


X 


Qn 


(101) 


Til., Hs, Hj 


X 


ICi 


(102) 


Ti.2, Ti.6, TYio 


X 


/C2 


(103) 


7^4, 7^5, 7^9 


X 


JCs 


(104) 


Hs 


3 (See Proposition ^ 




/C4 


(105) 


M3 


X 




(106) 


M2, 


X 


7^2 


(107) 


Ml, M4 


X 


7^3 


(108) 


111, ^13 


X 




(109) 


Qi, Q3, Qi3 


X 


Wi 


(110) 


Q2, Q5, Ql4, K.3 


X 


W2 


(111) 


Q4, Q9 


X 


K3 


(112) 


Qio, /C4 


X 


U4 


(113) 


Qii 


3 (See Proposition ^ 


) 


u. 


(114) 


Qe, Qsi Qi5 


X 


We 


(115) 


Qii Qi2) Qn 


X 




(116) 


Q16 


unknown 




(117) 


none 


X (See Kajiwara and 0) 


y4 


(118) 


none 


unknown 




(119) 


QiOi Qii 


3 (See Proposition ^ 




^2 X ^2 


(120) 


W4, W5, ^2 X ^2 


3 (See Proposition ^ 


) 


52 X ^3 


(121) 


^2 X ^3 


3 (See Proposition |0 




^3X^3 


(122) 




unknown 


Zi 


(123) 




unknown 


Z2 


(124) 




unknown 


w 
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